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Abstract. We prove two new mixed sharp bilinear estimates of Schrodinger-Airy type. In 
particular, we obtain the local well-posedness of the Cauchy problem of the Schrodinger - 
Kortweg-deVries (NLS-KdV) system in the periodic setting. Our lowest regularity is H^^'^ x 
L^, which is somewhat far from the naturally expected endpoint x H~^^^ . This is a novel 
phenomena related to the periodicity condition. Indeed, in the continuous case, Corcho and 
Linares proved local well-posedness for the natural endpoint x H~t^ . 

Nevertheless, we conclude the global well-posedness of the NLS-KdV system in the energy 
space using our local well-posedness result and three conservation laws discovered 

by M. Tsutsumi. 



The interaction of a short-wave u = u{x,t) and a long- wave v = v{x,t) in fluid mechanics 
(and plasma physics) is governed by the Schrodinger - Kortweg-de Vries (NLS-KdV) system 



where u = u{x, t) is a complex-valued function, v = v{x, t) is a real-valued function and 
a, /?, 7 are real constants."^ 

This motivates the study of the local and global well-posedness of the Cauchy problem for 
the NLS-KdV system with rough initial data.^ 

The central theme of this paper is the local and global well-posedness theory of the NLS- 
KdV system in the periodic setting (i.e., x € T); but, in order to motivate our subsequent 
results, we recall some known theorems in the non-periodic setting. 

In the continuous context (i.e., x G M), Corcho and Linares |1] showed the local well- 
posedness of the NLS-KdV for initial data {uo,vo) G H^{R) x H'{R) with k > 0, s > -3/4 
provided that k - 1 < s < 2k - ^ for k < 1/2 and k-l<s<k + lfoi:k> 1/2. It is 
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^The case /3 = of the NLS-KdV system occurs in the study of the resonant interaction between short and 
long capillary-gravity waves on water channels of uniform finite depth and in a diatomic lattice system. For 
more details about these physical applications, see 0, 0, [7| and 1101 . 

^Benilov and Burtsev in ^ showed that the NLS-KdV is not completely integrable. In particular, the 
solvability of 11. H depends on the theory of non-linear dispersive equations. 



1. Introduction 



idtu + d'^u = auv + (5\u\'^u. 



t € M, 



(1.1) 




u{x,0) = uq{x), v{x,0) = vo{x) 
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worth to point out that the lowest regularity obtained by Corcho and Linares is = and 
s = — f +• In the non-resonant case /3 7^ 0, it is reasonable to expect that the NLS-KdV is 

locally well-posed in x H^*^: the nonlinear Schrodinger (NLS) equation with cubic term 
is globally well-posed in H^{W) for s > and ill-posed below L^(R); similarly, the 
Kortweg-de Vries (KdV) equation is globally well-posed in if*(IR) for s > —3/4 and ill-posed 
in H^{M) for — 1 < s < —3/4. Also, using three conserved quatinties for the NLS-KdV flow, 
M. Tsutsumi ^ showed global well-posedness for initial data {uq,vq) G //*+2(M) x f/'*(M) 
with s G and Corcho, Linares assuming 07 > 0, showed global well-posedness in the 
energy space ^^(M) x H^(R).^ 

The point of view adopted by Corcho and Linares in order to prove their local well- 
posedness result is to use a basic strategy to treat, in both continuous and periodic contexts, 
the low-regularity study of dispersive equations (such as NLS and KdV): one considers the 
Fourier restriction norm method introduced by Bourgain in 2 ; then, they showed two new 
mixed bilinear estimates for the coupling terms of the NLS-KdV system (namely, uv and 
5a;(|iip)) in certain Bourgain's spaces, which implies that an equivalent integral equation can 
be solved by Picard's fixed point method (in other words, the operator associated to the 
integral equation is a contraction in certain Bourgain spaces). Coming back to the periodic 
setting, before stating our results, we advance that, although our efforts are to obtain similar 
well-posedness theorems, the periodic case is more subtle than the continuous context: since 
the cubic NLS is globally well-posed (resp., ill-posed) in H^{T) for s > (resp. s < 0) and 
the KdV is globally well-posed (resp., ill-posed) in H^{T) for s > —1/2 (resp., s < —1/2), it 
is reasonable to expect L^(T) x //~^/^(T) as the lowest regularity for the local well-posedness 
results; but, surprisingly enough, the endpoint of the bilinear estimates for the coupling terms 
uv, dxilul"^) in the periodic setting is {k,s) = (1/4,0), i.e., our lowest regularity is H^^^ x 
(see the propositions II. ll 11.21 theorem 11.11 and remark [l.ll below). We refer the reader to 
the section |H1 for a more detailed comparasion between the well-posedness results for the 
NLS-KdV system in the periodic and non-periodic settings (as well as a couple of questions 
motivated by this discussion) . 

Now, we introduce some notations. Let U{t) = e**^^ and V{t) = e~*^^ be the unitary groups 
associated to the linear Schrodinger and the Airy equations, respectively. Given k,s,b G R, 
we define the spaces X^'^ and Y''^ via the norms 



-iY,{nr{r + nr'\f{n,r) 
\Pi-t)f\\Hi(m,H^) 



1/2 



Pecher (9| announced the global well-posedness of the NLS-KdV system (with 07 > 0) in the continuous 
setting for initial data {uo,vo) £ //"(R) x //"(R), for 3/5 < s < 1 in the resonant case (3 = and 2/3 < s < 1 
in the non-resonant case /? 7^ 0. The proof is based on two refined bilinear estimates and the I-method of 
Colliander, Keel, Staffilani, Takaoka and Tao. 
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Ig'lly^.i, := 



VneZ / 



where (•) := 1 + 



= \\V{-t)g\\Hl^{R,H^) 

and / is the Fourier transform of / in both variables x and t: 



/(n,r) = (27r) 



^1 



—itT„—ixn 



and, given a time interval /, we define X^'^{I) and y*'^(/) via the (restriction in time) norms 



/(x, t)dtdx 



\f\\xk,- 



in 



jnf ll/llxfc.i' and ||ya, !,(/)= jnf H^Hy, 



/!/=/ 



g\i=a 



The study of the periodic dispersive equations (e.g, KdV) has been based around iteration 
in the Bourgain spaces (e.g., y*'*) with b = 1/2. Since we are interested in the continuity of 
the flow associated to the NLS-KdV system and the Bourgain spaces with 6 = 1/2 do not 
control the L'^H^, we consider the slightly smaller spaces X'', defined by the norms 



|ti|[xfe,i/2 + \\{n) u{n,T)\\ 



and 



i,i/2 + \\{nYv{n,T) 



\LlLl 



and, given a time interval /, we define the spaces X^{I), Y'^{I) via the restriction in time 
norms 



inf 

/!/=/ 



xk and Ibllys^tc/) = jnf ||g||y^ 

9\l=9 



Also, we introduce the companion spaces and W via the norms 



u\\xk,-\/2 + 



(r + n^) 



and 



m ky^ := 



{n)^v(n, t) 



{t — n^) 



Denote by V a non-negative smooth bump function supported in [—2, 2] with = 1 on 
[—1,1] and ips{t) := ip{t/5) for any 5 > 0. Also, let azt be a number slightly larger (resp., 
smaller) than a. At this point, we are ready to state our main results. The fundamental 
technical propositions are the following two sharp bilinear for the coupling terms of the NLS- 
KdV system: 

Proposition 1.1. For any s > and k — s < 3/2, 
(1.2) 



\uv\ 



< 



u\ 



, 1 + \\u\\ ,, 1 \\v\ 



Furthermore, the estimate fails if either s < or k — s > 3/2. More precisely, if the 

bilinear estimate \\uv\\xi<:,b~i < ||M||jYfc,6 HwHys,!, with b = 1/2 holds then s > and k — s < 3/2. 

Proposition 1.2. For any k > 0, I + s < Ak and —\/2<k — s, 



(1.3) 



< \\ui\ 



1 + li 



Furthermore, the estimate hl.S\) fails if either 1 + s > Ak or k — s < —1/2. More precisely, 
if the bilinear 
-1/2 <k-s. 



if the bilinear estimate ||c?a:(^ii^i2)||y3,-i/2 ^ ||ui||j(^fc,i/2 ||u2|lx'=.i/2 holds then 1 -|- s < 4A; and 
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Using these bilinear estimates for the couphng terms uv and we show the main 

theorem of this paper, namely, we prove the following local well-posedness result: 

Theorem 1.1. The periodic NLS-KdV is locally well-posed in H^{T) x i7*(T) whenever 
s > 0, -1/2 < k-s < 3/2 and l + s < Ak. I.e., for any {uo,vo) G H^{T) x H''{T), there exists 
a positive time T = T(\\uo\\fjk jWvqWh") and a unique solution {u{t),v{t)) of the NLS-KdV 
system il.l]) satisfying 

iu,v) G C{[0,T],H''{T) X H'{T)). 
Moreover, the map (uqjVq) i— > {u{t),v{t)) is locally Lipschitz from H^{T) x i7*(T) into 
C([0, T],H^{r) X H'{T)), whenever k,s>0, -1/2 < /c - s < 3/2 and I + s < 4k. 

Remark 1.1. As we pointed out before, the endpoint of our sharp bilinear estimates and, 
consequently, our local well-posedness result is H^^^ x . Since the endpoint of the sharp 
well-posedness theory for the periodic NLS is and for the periodic KdV is H~^^'^, we are 
somewhat far from the naturally expected endpoint x H"^^"^ for the local in time theory 
for the NLS-KdV system (although, our bilinear estimates are optimal). This leads us to ask 
about possible ill-posedness results in this gap between H^^^ x and x H~^^^ . For precise 
statements and some comparision with the continuous setting, see the section\^ 

Remark 1.2. It is easy to see that the NLS-KdV system system is ill-posed for k <0. 
Indeed, if we put 

{u := e~**tf , 
v = a'^ e H'{T),\/s G M, 
the system becomes into the equation 

iwt + d^w = ()\w\^w, 
5..(|u;|2) = 0, 
wo{x) = uoe H'^iT), 

which is not locally-well posed (ill-posed) below L^(T) in the sense that the data-solution map 
is not uniformly continuous. 

Using this local well-posedness result and three conserved quantities for the NLS-KdV flow, 
it will be not difficult to prove the following global well-posedness theorem in the energy space 
H\T) X H\T): 

Theorem 1.2. Let a,/?,7 G R 6e such that aj > and {uo,vo) G H'^ (T) x H'^ (J) . Then, the 
unique solution in the theorem \l.l\ can be extended to the time interval [0,T] for any T > 0. 

To close this introduction, we give the outline of the paper. In section |2l we give counter- 
examples for the bilinear estimates of the coupling terms, when the indices k and s satisfies 
(at least) one of the following inequalities: s < 0, A; — s > 3/2, 1 + s > 4A; or A; — s < — 1/2. In 
section 131 we complete the proof of the propositions II . ll and II .21 bv establishing the claimed 
bilinear estimates for the terms uv and dx{\u'\^). In section^lwe use propositions II. II and 11.21 
to show that the integral operator associated to the NLS-KdV system is a contraction in the 
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space X'=([0, T]) x ^ ([0, T]) (for sufficiently small T > 0) when /c, s > 0, -1/2 < A: - s < 3/2 
and 1 + s < 4:k. In particular, we obtain the desired local well-posedness statement in 
theorem 11.11 In section |21 we make a standard use of three conserved quantities for the 
NLS-KdV flow to obtain the global well-posedness result of theorem 11.21 in the energy space 
H^{T)xH^{T). In section El we make some questions related to the gap between the expected 
X H~^/'^ endpoint regularity and our lowest regularity H^l^ x for the local well-posedness 
for the periodic NLS-KdV system; also, we compare the known theorems in the continuous 
setting with the periodic setting. Finally, in the appendix, we collect some standard facts 
about linear and multilinear estimates associated to the cubic NLS and the KdV equations 
(which were used in the proof of theorem 1 1.1(1 and we show that the NLS-KdV flow preserves 
three quantities controlling the norms of u{t) and v{t) (this is the heart of the proof of 
theorem II. 2|) . 



-2L 




-2 -1 01 234567 



Figure 1. Well-posedness results for periodic NLS-KdV system. The region 
W, limited for the lines ri : s = 4A: — 1, r2 : s = A: + ^ and r3 : s = A; — |, 
contains indices (A;, s) for which local well-posedness is achieved in Theorem 
11.11 The region X show the ill-posedness results commented in Remark II. 21 



2. COUNTER-EXAMPLES 

We start with some counter-examples for the bilinear estimate in proposition 11.11 when 
s<OorA:-s> 3/2: 

Lemma 2.1. HiiwHjffc.b-i < H^tUxfe^fc ' ll'^^lly^.'' (wUh h = 1/2J implies s > and k — s < 3/2. 

Proof. Fix ^ 1 a large integer. Firstly, we show that |[nf Hjffc.b-i < • ||f ||ys,6 (with 

b = 1/2) implies s > 0. Define 

'1 if n = iV 
otherwise 



and 



1 ifn = ^^ 
otherwise 



6 



A. ARBIETO, A. J. CORCHO, AND C. MATHEUS 



Let u and v be defined by n(n, r) = UnXiiT + and u(n, r) = hnXii'T ~ ^^)) where xi 
is the characteristic function of the interval [—1,1]. Now let's go to the calculations. By 
definition of the Bourgain space X^'^, 



\UV\\xk,b-l 



(r + n2)i/2 



u*v 



Hence, 

||nu||jj^fe,6-i 



(r + n2)i/2 ^ 



^ j dTi Un-m Xiiir - Ti) + (n - riif) bn^ xi(n - n^] 



nf -\- Til — 2?1-?^l• 



Recall the following numerical expression: 
(2.1) (n - n?) + ((r - n) + (n - ni)^) - (r + n^) 

Taking into account that ^ iS rii = N , Un-m 7^ iff n = -^^+^ ^ Xi(''"i ~ '^i) 7^ 
iff |ri — nfl < 1 and Xi((''" ~ ''"1) + {n — rii)'^) 7^ iff |(r — ri) + (n — ni)^| < 1, we conclude, 
from a direct substitution of these data into 1)2.1(1 , that 

(2.2) 



\UV\\xk,b^i 



N 



2k 



On the other hand, it is not difficult to see that 



(2.3) \\u\\xk, = \\{n)'{T + ny/' an xi{r + n')^^^ ^ N^' , 
and 

(2.4) ll^ll^.,, = \\{nr{T - rt'flHn Xi{r - n')\\Ll^ « iV^ 



Putting together the equations (|2.2|1 . 1)2. 3|1 . (|2.4I) . we obtain that the bilinear estimate 
implies 

which is possible only if s > 0. 

Secondly, we prove that llwHjjj^fc.b-i < ||u|[j(^fc,b ■ ||'t;||ys,6 (with b = 1/2) implies k — s < 3/2. 
Define 

'1 if n = iV 

otherwise 

and 

1 if n = 



otherwise 

Let u and v be defined by u{n, r) = a„xi(''" + and ?j(n, r) = 6„xi(''" — ^t-^); where xi is 
the characteristic function of the interval [—1, 1]. 

Using the definitions of the Bourgain X^'^ and y^'^ spaces and the algebraic relation (|2.1|) . 
we have 

WuWxk.b ~ 1, 
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and 

Hence, the bilinear estimate says 



which is only possible iffc — s<3/2. □ 

We consider now some counter-examples for the bilinear estimate in proposition 11.21 when 
l + s>4/corA;-s< -1/2: 

Lemma 2.2. ||5x(niM2)||y3,f>-i < ' ll^sHx'^''' (with b = 1/2) implies 1 + s < Ak and 

k-s> -1/2. 

Proof. Fix » 1 a large integer. Firstly, we prove that ||c?2:(?^i?^) ||ys,b-i < ll^i|lx'=''''!l'"2||x'=.' 
(with b = 1/2) implies 1 + s < ik. Define 

[ L) otherwise 

and 

1 ifn = ^^ 
otherwise 

Let ui and U2 be defined by ui(n, r) = anXii^ + '^^) Siud n2(n, r) = bnXi{T + i^-'^): where 
Xi is the characteristic function of the interval [—1, 1]. 
By definition of the Bourgain space Y"^'^, 



\dx{uiU2)\\Ys,b- 



Hence, if one uses that u{n,T) = u{—n, — r), it is not difficult to see that 

, -I, n (n)^ 

yx{UlU2)\\Y''^b- - 



TJ^"^ j dn ttn-ni Xii{r - n) + (n - nif) b-^ Xii-n + nf) 



(r — n^) 

Note the following numerical expression: 

(2.5) (r - n^) - ((r - n) + (n - nif) + (-n + nf) = -7? - + 2nin. 

Taking into account that 7^ iff ni = ^ fln-m ^ iff n = A^, Xi{~ti + ^1) 7^ 

iff I — Ti + I < 1 and Xi{{t ~ ^1) + {n — ni)^) 7^ iff |(r — ti) + (n — ni)^| < 1, we conclude, 
from a direct substitution of these data into 1)2. 5p , that 

(2.6) \\dx{uiu^)\\Ys,b-i ^ N^+' . 
On the other hand, it is not difficult to see that 

(2.7) WuiWxKb = ||(n)'=(T + n2)i/2 ^.(r + n^)h2_ ^ 
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and 

(2.8) ||U2|L.,. = \\{nf{r + n')^/\, + n^)!!^^^^ ^ iV2^ 

Putting together the equations 1)2.6^ . H2.7|) . ()2.8p . we obtain that the bihnear estimate 
imphes 

which is possible only if 1 + s < 4/c. 

Secondly, we obtain that ||c?2:(uiil2) ||ys,6-i < Hxfe.*- ' ll^2||x'=>'' (with h = 1/2) implies 
k-s> -1/2. 

Define 

^ _ r 1 if n = -A^ 
I otherwise 

and 

1 if n = 
otherwise 

Let ui and U2 be defined by ui{n, r) = a„xi(''" + "-^) ^-iid M2("'i t) = bnXi{T + "'^)) where 
Xi is the characteristic function of the interval [—1, 1]. 

Using the definitions of the Bourgain X'''^ and Y''^ spaces and the algebraic relation ()2.1() , 
we have 

\\dx{uiU2)\\Ys,b-i ~ -j;pj2^ 

||ni||^fc,6 Ki 1, 



and 



Hence, the bilinear estimate says 

which is only possible if/c — s>— 1/2. □ 

3. Bilinear Estimates for the Coupling Terms 

This section is devoted to the proof of our basic tools, that is, the sharp bilinear esti- 
mates 11.11 11.21 for the coupling terms of the NLS-KdV system. We begin by showing some 
elementary calculus lemmas; next, using Plancherel and duality, the claimed bilinear esti- 
mates reduce to controlling some weighted convolution integrals, which is quite easy from 
these lemmatas. 
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3.1. Preliminaries. The first elementary calculus lemma to be used later is: 
Lemma 3.1. 

^ ^ log(l + (g)) 



{K)^{K-a)^ (a) 



9+9-1 



where 9,9 > and 9 + 9 > 1 



Proof. Clearly we can assume that \a\ ^ 1. In this case, we divide the domain of integration 
into the regions h := {\k\ <^ \a\}, I2 := ~ and Is := {|k| ^ \a\}. Since k G Ii 
implies {k — a) > (a) > (k), k £ I2 implies {k) ~ (a) and x £ implies {k — a) > {k), we 
obtain 

r+°° dK _ r dn r dK r dn 

7-00 {n^iK-af ~ Jh {KY{K-af J12 {KY{K-af ^ Jh [n)^ {n - 

^ 1 [ dn 1 f dK f dn 

< — ^ / ^ + / r + 



^ log(l + {o)) 



- ia)6+e-i 



□ 

The second lemma is a well-known fact concerning the convergence of series whose terms 
are the values of certain polynomials along the integer numbers:^ 

Lemma 3.2. For any constant 9 > 1/3, 

mez ^'■^ " 

where p{x) is a cubic polynomial of the form p{x) := x^ + ex^ + fx + g with e, f,g G M. 
Proof. We start the proof of the lemma with two simple observations: defining 

£ := {m G Z : \m — a\ > 2, \m — P\ > 2 and \m — j\ > 2} 

and 

then 

#^ < 12 

and 

((m — a)(m — /?)(m — 7)) > {m — a){m — (3){m — 7) 

for any m G 



^This lemma is essentially contained in the work of Kenig, Ponce and Vega on bilinear estimates related 
to the KdV equation. 
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In particular, writing p{x) = {x — a){x — (3){x — 7), we can estimate 
■^-^ p(mY ~ •nirnf ^ -pimf 

1 



Now, by Holder inequality 



^ (m — aY {m — P)^{m — 7)^ 



1/3 / \ 1/3 / , \ 1/3 



p(m)^ \ ^ {m — q)3^ I \ ^ (m — /3)3^ \ \ ^ (^m — 7)^^ 



m 



So, the hypothesis 36 > 1 implies 



y— 



m 



p{m) 



< C{0) < 00. 



This completes the proof of the lemma 13.21 □ 

Finally, the third lemma is a modification of the previous one for linear polynomials with 
large coefficients: 

Lemma 3.3. For any constant 9 > 1/2, whenever ni G Z — {0}, |ni| 3> 1, 

^-^ qinr 

nGZ; |n|~|nil ^ ' 

where q{x) := 2nix — n\ + r with r E M. 

Proof. The strategy of the proof is the same as before, but since now the polynomial q is 
linear, we have to take a little bit of care. The idea is: although the polynomial q has degree 
1, the fact that \ni \ ~ \n\ means morally that q has degree 2 in this range. So, the exponent 
of n in the summand is morally 20 > 1 and, in particular, the series is convergent. This 
intuition can be formalized as follows: we write q{x) := r — n\ + 2nix = 2ni{x + 5), where 
6 = {r — nf)/(2ni) (of course the assumption ni 7^ enters here). If we define 

^ := {n e Z : \n + 5\>2} 

and 

n:='L-g, 

then 

#H < 4 

and 

{2ni{n + 5)) > {n){n-6) 

for any n € Q, since |ni| ~ |n|. 
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Inl^lriil ngn n€y ,\n\'^\ni\ 



11 



< 



1 



q{nif 



<4 



E 



i€(7,|n|~|ni| 



Now, by Holder inequality 



So, the hypothesis 26 > 1 implies 



This completes the proof of the lemma 13.31 



□ 



3.2. Proof of the proposition II. H bilinear estimates for the coupling term uv. In 

view of the lemma I2J1 it suffices to show the bilinear estimate: 



Lemma 3.4. ||uu|| vfe < ||m|| ,. i Hull „i+||u|| .. i HvH .i whenever s > and k — s < 3/2. 

II 11^ II W-^h.^-W llys,^ II llj^;^,^ II llys,^- — — / 

Proof. From the definition of Z^, we must show that 



(3-1) |lnt>|l^fc,-i/2 < + \M ^fc,i ||t^ 



and 
(3.2) 



{n)^uv 



(r + n2) 



< 



\u\ 



1- b 1 + \\u\\ 1 \\v\ 



72 Tl 



ys,^ ■ II -llj^K,^ II - llyS,^- 

We begin with the estimate ()3.1() . By the definition of Bourgain's space, 
\\uv\\xk,-a = |Kr + n2)-'^(n)^'m}(n,r) 11^2^2 



u * v{n, t) 



Let 



/(r, n) = (r + n^)^{n)^u{n, r) and ^(r, n) = (r - n'^Y{nYv{n, r). 
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In particular, by duality, we obtain 
(3.3) 



\UV\\xk,-a 



sup 

ilr2 <1 



(r + n2)« 



f 



[t + n^) °(n)^g(ni, ri)/(n - ni, r - Ti)y?(r, n) 
(ri — nf)"^(ni)*(r — ti + (n — ni)^)^(n — ni)'^ 



sup / dr / dri 

J" j'{n,ni,T,Ti)e'R-o ^ J j{n,ni,T,Ti)e'R,i ^ ^ j{n,ni,T. 



= Wo + Wi + W2, 

whenever x = 7^^ y y 7^2 . 

Now, taking into account the previous calculation, we look at three general simple ways to 
reduce the problem of goods bounds on the expressions Wi into some multiplier estimates. In 
the sequel, xn denotes the characteristic function of the set TZ. So, we consider the expression 



(3.4) 



W = sup ^ 1 I dv 



(r + n^) "(n)^'g(ni,ri)/(n - ni,r - Ti)(p{T,n)xn 
(ri - nf)*(ni)''(T - n + (n - ni)^)^(n - m)*^ 



The first way to bound W is: integrate over ri and ni, and then use the Cauchy-Schwarz 
and Holder inequalities to obtain 

2 

{n) ff g{ni,Ti)f{n-ni,T -Ti)xndTidni 



< 



< 



(n) 



(r + n 



(r + n2)« JJ - nf)^(ni)*(r - n + (n - ni)^)*(n - m)'' 

2 



2fc 



2\2a 



g{ni,Ti)f{n - ni,r - Ti)xndTidni 



(n) 



2fc 



[ri — raf)'^(ni)^(r — ri + (n — ni)^)''(n — ni)*^ 
X7^(iTl(inl 



(3.5) 



T + n2)2« (7.^ _ „3pc(„^)2s(^ _ + („ _ „i)2)26^„ _ „^^2fc 

j/^ |5f(ni,ri)p|/(n - ni,r - ri)pdridni^ drdn 



< 



jnf' ff 



XndTidni 



— II l|2 II ||2 



ff 

T + nY" JJ 



(n - nf)2^(ni)2^(r - n + (n - ni)2)26(n - 711)2^= 



(ri - nf)2c(ni)25(r - ri + (n - ni)^)2''(n - m) 



\2A; 
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The second way we can bound W is: put f{n,T) = f{—n,—T), integrate over r and n 
first and follow the same steps as above to get 

(3.6) 



< 



1 



{n)'' f{ni - n, Ti - t)(p{t, n)xndTdn 



{niYin - nlY JJ (r + n2)«(r - n + (n - niff{n - ni^ 



M 
1 



{n)^'^XTldTdn 



(ni)2^(ri - nf)2c JJ (r + n2)2«(r - n + (n - nif^^^n - m^'' 

{nY^Xudrdn 



I l|2 II ||2 



(ni)2s(ri - nf) 



3\2c 



(r + n2)2a^-7- _ _|_ — ni)^)2''(n — ni) 



\2A; 



r oo r oo 



Note that /(n,T) = {n)'' {t - n^Yui-n, -t) and H/llLa^a = ||/||L2i2 = 

Finally, the third way to estimate W is: using the change of variables t = ti — T2 and 

n = ni — 71,2, the region, TZ, is transformed into the set TZ such that 

TZ = {{ni,n2,Ti,T2) G X M^; (ni - n2,ni,ri - r2,ri) G 7^}. 

Then, Vt^ can be estimated as: 

(3.7) 



1 



(n2)^(r2 - 



(ni - n2)^5f(ni,ri)(/?(n2 - ni,r2 - Ti)xjidTidni 



(n - r2 + (ni - n2YY{Ti - n\Y{niY 



< 



2 



{n2r (^2 - nfi 



I l|2 II ||2 



2\2fe 



{ni-n2Y'^Xndridn 



(n2)2^(r2 - n|) 



2\26 



(n - r2 + (ni - n2)2)2«(ri - nf)2c(ni)2« 
(ni-n2)2'=X^dTidni 



T oc r oo 
^^2 ^"2 



(n - r2 + (ni - n2)2)2«(Ti - nfYH'^iY' 



L°° L°° 



Next, using the equation (|3.3|) and the estimates (|3.5j) . (|3.6|) . (|3.7|) . we are going to reduce 
the desired bilinear estimate lltif lUfc < \\u\\ ,, i \\v\\ , i + u i ||f || , i (whenever s > 

II llzi II Ilj5^^,^-ll llys,^ II llj^fc,^ II llya,^- V — 

and k — s < 3/2) into certain L°° bounds for multipliers localized in some well-chosen regions 



7^^, i = 0, 1, 2 such that 7^o U 7^l U 7^2 



First, if no := n, ni, n2 := ni — n are 



the frequencies of our waves, let Aq = r + n , Ai := ti — nf, A2 := T2 — n2 := (ri — r) — 
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be the modulations of our waves. Also, we consider Nj = |nj|, j = 0, 1, 2 variables measuring 



the magnitude of frequencies of the waves, and Lj = |Aj|, j = 0, 1, 2 variables measuring the 
magnitude of modulations of the waves. It is convenient to define the quantities N^ax > 
^med ^ ]^min to be the maximum, median and minimum of Nq, Ni, N2, resp. Similarly, we 
define Lmax > Lmed > Lmin- In order to define the regions TZi, we split 7? x into three 
regions A, B and C, 

A = {(n,ni,r,ri) G x M^; A^i < lOO}, 

B={{n, ni, r, n) el? x M^; A^i > 100 and, either Ni < A^o or A^i » Nq], 

C= {(n,ni,r,ri) G x iVi > 100 and A^i ~ A^o}- 

Now we separate C into three parts 

Co = {(n,ni,r,ri) G C; Lq = Lmax}, 

Ci = {(n,ni,r, Ti) g C; Li = Lmax], 

C2 = {(n,ni,r, Ti) G C; L2 = ^maa}- 

At this point, we define the sets TZi, i = 0, 1, 2, as: 

no = AuBuCo, TZi=Ci, 7^2 = C2 

and it is clear that 7? xM? = TZq U TZi U 7^2- For these regions TZi, we can show the following 
multiplier estimates 

Claim 3.1. If s > and k - s < 3/2, 

(n)2'= ff XllodTidni 



(r + n2) ././ (^^ _n3)i-(ni)2s(T-ri + (n-ni)^)i-(n-ni)2fc 
Claim 3.2. If s > and k - s < 3/2, 



< 1. 



1 



{n)^''xnidTdn 



(ni)2^(ri -nf) 77 (r + n2)(r-ri + (n-ni)2)i-(n-ni)2fc 
Claim 3.3. If s > and k - s < 3/2, 



< 1. 



1 



(nl-n2)^^X7^,dTldnl 



(n2)2^(r2 - n|) 77 (n - T2 + (ni - 722)2) (ri - nf)i (ni) 



2s 



<1, 



r 00 r 00 



where TZ2 is the image ofTZ2 by the change of variables n2 ■= rii — n, T2 := ti — r. 

It is easy to show that these facts implies the desired bilinear estimate 1)3. 1|) . Indeed, by the 
equations 1)3. 5|) . 1)3. 1)3. 7(1 . we see that, for a = 1/2 and well-chosen b,c, these claims means 



that, whenever s > and k — s < 3/2, \Wq\ < ll'ull^fc,! 
and IVF2I ^ ||ii|| „fc 1 lli'l 



< 



\v\\ , 1 



1 _ . Putting these informations into the equation 1)3. 3|) , we obtain 



the bilinear estimate ()3.1|) . So, it remains only to prove these claims. For later use, recall the 
following algebraic relation: 

(3.8) Xo - \i + \2 = nf - nf - 2nni. 
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Proof of claim, UTTi In the region A, using that A^i < 100 and (n) < (ni)(n — ni), 



< 



(r + n2) 



ni 



{ti — nf)^ {niy^ {t — Ti + {n — ni) )^ {n — ni)"^^ 
dri 



(n - njy (r - n + (n - m) ) 



2\i- 



However, the lemma ITT] f with 9 = 6 = 1—) impHes 



< 



log(l + (p(ni))) 



where J){x) is the polynomial p(x) := — -\- 2nx — (t + -n?). Hence, we can estimate: 



E 



dri 



m - (n-nf)i (r - n + (n - ni)^) 
In particular, the lemma can be applied to give 



ni 



log(l + (p(ni))) 
(ji(ni))i- 



(3.9) 



(r + n2) 



2\2a 



E 



iji - nf)2fe(ni)2^(r - n + (re - nif)'^^{n - rei) 



\2/c 



<1. 



In the region i3, A'^i > 100, and either A^i ^ A'^o or A'^i ^ A'^o- In any case, it is not difficult 
to see that 

(n — rei)2'^(rei)2'^ ^ 

In fact, this is an easy consequence of s > and ^ if ^ ^j, for {i,j} = {0, 1}. So, 
we obtain the bound 

(re) ^ f XBdT 



(r + re2) 



(3.10) 



sup^ / 



~ {n-nly (rei)2'5(T - n + (re - rei) )i {n - riiY^ 
dri 



E 



" (ri-re3)i-(T-ri + (re-rei)')i- 
log(l + (p(rei))) 



< 



<1, 



where, as before, we have used the lemmas l3.ll and 13.21 

In the region Cq, it is convenient to consider the following bound 

(re)2^ 



(r + re2) 



E 



ni 



XCodTl 



< 



E 



{ti — nfy (rei)2'*(T — Ti + (re — rei)^)i (re — rei) 
(rii>=^'=-2^XCodn 



2A; 



(^ + n2)Z^y (n-nf)i-(r-Ti + (n-rei)2) 



2m- 
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which is an immediate corohary of (n) < {n — ni){ni). Integrating with respect to ri and 
using the lemma IXD gives, as before, 



< 



' 111 



i^r + n^)^J (n - (r - n + (n - n^f)^- 

log(l + (p(ni))) 



(r + n 



"1 



(p(ni))i- 



Since, by the dispersion relation ()3.8() . Lq = -Z^maa; ^ -^i in the region Co, we have 

1 {ni)^''-^'xCo log(l + (p(ni))) 

(r + n^) 4^ 



i^^^ax''^/' ^ log(l + (p(ni))) 



< 



max — {P{ni)) 



Hence, k — s < 3/2 and lemma EUl together allow us to conclude 

(n)2'= f XCodTi 



(3.11) 



E 



\2fc 



< 1. 



(r + n^)j^J (ri - nf (ni)2«(T - n + (n - nify-{n - nxf 

By definition of TZq, the bounds (|3.9() . (|3.1U|) . H3.11() concludes the proof of the claim 1X11 □ 

Proof of the claim U^ Using that (n) < (ni)(n — ni), integrating in the variable r and 
applying the lemma ITT] fwith = 1/2 and 6* = ^— ), we get 



E 



(ni)2^(ri-nf) ^7 + n2)(r - n + (n - ni)2)i-(n - m) 



2fc 



r oo r oo 



< 



2fc-2s 



(ri - nf ) 



E 



Xiii log(l + 



r oo /■ oo 



where := Ti — n\ + 2nix. Note that in the region TZi, Ni > 100 and Nq ~ A''i, 

I All ~ Li = Lfnax 

and, by the dispersion relation (|3.8() . -L^ax ^ -^f ; this permits us to apply 
the lemma 12131 to conclude 



\2fc-2s 



[ni)- ^ xni log(l + {q{n))) , L^ax 



(2fc-2s)/3 



Thus, if we remember that k — s < 3/2, we get 



< 



This completes the proof of the claim 13.21 



□ 
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Proof of the claim UU^ Using that (ni — 712) < (ni)(n2), integrating in the ri and applying 
the lemma IXTl with 6 = |— and 9 = 1/2, 



I y 



(ni - n2)^''xji2dTi 



in -T2 + (ni - n2)2)2a(ri - nf)2b(ni) 



2s 



T2 "2 



< 



{t2 - n^) 



2\2b 



^ {nif'-^ ^Xn, log(l + (r(ni))) 



ni 



r(ni) 



r 00 r 00 
'^T2'^n2 



where r(x) := + — 2n2X — {t2 — n|). Note that the change of variables t = ti — T2 and 
n = ni — 71-2 transforms the region 7^2 into a set 7^2 such that 

7^2 C {(ni,n2,ri,r2) G x M^. > 100 and L2 = Lmax]- 

In particular, the dispersion relation (|3.8|) implies that IA2I ~ L2 = Lmax ^ -^'^f in the region 
1^2- So, an application of the lemma and the hypothesis k — s < 3/2 yields 



(r2-n2)2b^ r(ni) 
This concludes the proof of the claim 13.31 

It remains now only to prove the second estimate (|3.2)) . i.e.. 



□ 



-uv{n, t) 



{t + n2) 

We can rewrite the left-hand side as 



in)' 



< 



\u\ 



n=ni+n2 



(r + -n?) 



1 + \\u\ 



1 • \\v\ 



u[nx,Tx)v[n2,T2) 



To begin with, we split the domain of integration into three regions. Let £ = £1 U ^^2 U £3, 
where 

£1 := {(n,T,n2,r2) : \n2\ < 100}, 

£2 := {{n,T,n2,T2) : |n2| > 100 and |n| < 1^2!}, 

£3 := {{n,T,n2,T2) : |n2| > 100 and \n\ > |n2[}, 

M := {(?^,T, n2,r2) : |n2| > 100, |n| ~ |n2| and either |ti + nf | = Lmax or |r2 + n|| = Lmax} 
and TV := {(n, r, n2,T2) : \n2\ > 100, | }. Clearly, £, 7W and 

completely decomposes our domain of integrations, so that, in order to prove 1)3. 2() . it suffices 
to get the bounds 



(3.12) 



< 



{ni)^{n2)' 



XC 



T=Tl+T2 



{t + Ti?) {ti + n\)2 (r2-n^)2 



—u{ni,Ti)v{n2,T2] 



U\\xO,0 ||l'||yO,0 
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(3.13) 



ri=ni+n2 



XM 



T=Tl+T2 



{t + n2) 



u{ni,Ti)v{n2,T2) 



^, ll^^ll n 1 \\v\\ n 1 + ll'ull n 1 ll^'ll n 1 



(3.14) 



ri=71i+7l2 



'r=ri+r2 



(r + n2) 



ti(ni,ri)i;(n2,r2) 



5, \\u\\ n 1 ll^'ll n 1 + ll""!! n l ll'^ll n i 
~ II llj^O.j-ll llyO,^ II llj^o.^ll llyO,^- 



To proceed further, we need to recall the following Bourgain-Strichartz inequalities: 
Lemma 3.5 (Bourgain 2 ). ^^'^/^([0, 1]), yO.i/SQg, 1]) c L^{T x [0,1]). More precisely, 
WmfWlt, < 11/11x0,3/8 and mt)9\\Lt, < ll5llyo,i/3. 
To prove the first bound (|3.12p . we start with the simple observation that 

(^)^ < 1 
{ni)^{n2)'' ^ 

if either \n2\ < 100, or \n2\ > 100 and \n\ <C |n2|, or \n2\ > 100 and \n\ ^ |n2|. This follows 
from the fact that (n) < (ni)(ri2) and s > 0. Hence, 



XC 



a=ni+n2 



—u{ni,Ti)v{n2,T2] 



T=T1+T2 



< 



(r + n2)(ri + nf)2 (r2-n|)2 



— n(ni,ri)^;(n2,r2) 



Therefore, this reduces our goal to prove that 

1 



h=ni+n2 T=Ti+T2 

This can be re-written as 



(r + n2)(ri +n|)2 (r2-n|)2 



—u{ni,Ti)v{n2,T2) 



< 



n||^o,o ||?;||yo,o. 



(r + n2)5/8(r + n2)3/8 



J J u{ni,Ti)v{n2,T2] 



n=ni+n2 t=ti+T2 



< 



L}- 



Since 2(— 5/8) < — 1, the Cauchy-Schwarz inequality in r reduces this bound to showing 



1 



(r + n2)3/8 



n(ni,ri)u(n2,r2) 



ri=ni+n2 T=Ti+r2 



< 



n ..n 1_ f L.n 1_. 
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However, this bound is an easy consequence of duality, L^jL^.^L^j Holder and the Bourgain- 
Strichartz inequalities x^'^^^ ,Y^'^^^ C in the lemma 1^31 

The second bound (|3.13l) can be proved in an analogous fashion, using the dispersion 
relation 



(3.15) 



(r + n^) - {t2 - nl) + (ri + nf) = nl - - 2nn2. 



which implies that, in the region A4, either |ti + [ > |n2p or \t2 — n-H > K2p- Thus, using 
that k — s < 3/2 and making the corresponding cancelation, we see that it suffices to prove 
that 



(r + n2)5/8(r + n2)3/8 



J j u{ni,Ti)v{n2,T2) 



n=ni+n2 t=ti+T2 



< 



\u\\xo,o \\v\ 



and 



(r + n2)5/8(r + n2)3/8 



J J u{ni,Ti)v{n2,T2] 



n=ni+n2 t=ti+T2 

Again, we use Cauchy-Schwarz to reduce these estimates to 



^ ll^ll_YO,i-ll^^l|yo.o. 



{r + 



/ / u{ni,n)vin2,T2] 



n=ni+n2 t=t\+T2 



< 



and 



(r + n2)3/8 



u{ni,Ti)v{n2,T2] 



n=ni+n2 t=ti+T2 



^ ll^ll^o,i-ll^l|yo>o> 



which follows from duality. Holder and Bourgain-Strichartz, as above. 

Finally, the third bound ()3.14|) requires a subdivision into two cases. When |ti + n1\ > 
|'^2p~ (resp., |t2 — n^l ^ |n2|^~), we use (ri +n2)-^/^ leaving (ri +^2)3/8 in the denominator 
and |n2|'^~**~ in the numerator (resp., a similar argument with {t2 — n^) instead of (ri + n^), 
using {t2 — nl)^^^ and leaving {t2 — n^)^''^). After another cancelation using |t + n2| > |n2p, 
we need to prove 



(r + n2)l/2^ 



u{ni,Ti)v{n2,T2) 



n=ni+n2 t=ti+T2 



< 



and 



(r + n2)i/2+ 



u{ni,Ti)v{n2,T2) 



n=ni+n2 t=ti+T2 



^ lkll_YO,i-lbllyo>i/3- 
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These bounds follow again from Cauchy-Schwarz in r, duality, Holder and Bourgain-Strichartz. 
So it remains only the case |ri + nf |, |r2 — n^l <C |n2p~. In this case, the dispersion relation 
says that, in the region TV, 



r + n 



~ 2?1-^^2 — 0(|n2| 



On the other hand, the cancelation using |r + > |?T-2p and k — s < 3/2 reduces the proof 
to the bound 



1 



(r + n2)V2 



{ni,Ti)v{n2,T2)xn{n)iT + n^) 



n=n\+n2 t=t\+T2 



< 



\U\ 



where Q{n) = {77 S M : r/ = r — r — 2nr + 0(|r| ), for some r € Z, [r| ~ \n\ > 100}. 
Applying Cauchy-Schwarz in r, we can estimate the left-hand side by 



1/2 



u{ni,Ti)v{n2,T2) 



rt=n 1+712 r=Ti+T2 



Li 



T < 1 



Therefore, the point is to show 
(3.16) sup 

71 

We need the following lemma: 

Lemma 3.6. There exists some 6 > such that, for any fixed n E [n[ ^ 1 and for all 
M > 1 dyadic, we have 

eR: 1^1 ~ M,^ = - - 2nr + 0(|r[^"), for some r G Z, \r\ ~ |n|}| < M^"''. 

Proof. Note that the dyadic block {|//| ~ M} contains at most 0{M/N'^) + 1 integer numbers 



of the form 



2nr with \r\ ~ |ti|, r £ Z, where N ^ \n\. Indeed, this follows from 



the fact that the distance between two consecutive numbers of this form is ~ iV^ Thus, the 
set of fi verifying ^ = — — 2nr + 0{\r\'^~) is the union of 0{M/N'^) + 1 intervals of size 
0{N'^~). Since the relation /i = — — 2nr + 0{\r'\^~) with ~ M and |r| ~ |nj ~ ^ 1 
implies that M ~ iV^, we get 

|{^ € M : 1^1 M, = r'^ — — 2nr + 0(|rp^), for some r € Z, |r| ~ |n|}| < 

N'--^2^M'-- 
This completes the proof of the lemma 13.61 



□ 



Using the lemma l3^ it is not difficult to conclude the proof of (|3.16|1 : by changing variables, 
we have to estimate 

sup / {fJ-)~^Xn{n){lJ')dl^- 
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By decomposing the domain of integration into dyadic blocks {|/i| ~ M}, the lemma gives 

A^>l|^|;{j\/ M>1; A/ dyadic 

This proves the estimate (|!-{.2|) , thus completing the proof of the lemma \'AA\ □ 

3.3. Proof of proposition 11.2} bilinear estimates for the coupling term dx{\u\'^). By 
the lemma it suffices to prove the bilinear estimate: 

Lemma 3.7. \\dx{uiu^)\\w'^ < ll^^2||^fe,i + lhi||^fc,i ||M2||^fc,i_ whenever 1 + s < 4k 

and k — s > —1/2. 

Proof. From the definition of W^, we have to prove that 

(3.17) \\dx{uiu^)\\Ys,-i/2 < ||ui||^^_i_||n2||^,^i + ||ni||^, 1 ||u2||^fc,i_ 

and 

{ny ^-7-^, 



(3.18) 



(r — 



< lkl||^.,^-ll^2||^..i +||ni||^,,i||u2||^,,l. 



We begin with the proof of (|3.17j) . First, we reduce the bilinear estimate to some multiplier 
estimates as follows. By the definition of Bourgain's spaces, 



||9x(MiM2)||y»,-a = \\{t- n^) ''{nYdx{uiU2)\\LlLl 

= ||n(r-n3)~"(n)'^IT*nj(n,r)||i2i2 

Let 

/(n, r) = (n)''(r + n^)%(n, r) and g{n, r) = {n)^ {-t + n'^)%2{-n, -r) 
By duality, 
(3.19) 

^^"12 dTi——^ui{n-ni,T-Ti)u2{-ni,-Ti)-ip{n,T) 
^ ^ /" v-^ /■ \n\{nY{T - n^)~"/(n- ni,r - Ti)g{ni,Ti)ip{n,T) 

./ J (n,ni,T,ri}GI/o (iiJ^liTiTijeVi ./ (."■,»ti,T,ri)G I/2 

whenever x = u u y^. 

As before, we have three general ways to estimate the quantity 
(3.20) 



V = sup ^ / dr ^ / dr 



n\{nY{T - n^) "/{n - ni,r - Ti)g{ni,Ti)ip{n,T) 
' {n - niYiir - n) + (n - ni)2)fe(ni)'=(-ri + nf)'= 
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Firstly, we integrate over ri and ni and then use Cauchy-Schwarz and Holder inequalities 
to obtain 

(3.21) 

\y?<Mli 



\n\{n) 



< 



(r — n^) 



2 11 ||2 
Xk.b \\U2\\x>'-'^ ■ 



g{ni,Ti)f{n -ni,T - ti)xv 



(n - ni)'=((T - Ti) + (n - ni)2)^'(ni)^(-ri + njY 



|np(n) 



2s 



E 



(r — n^)^'^ {nij'^^in — ni) 



2k 



"1 



XV 



(-Ti + nf)2^((r-ri) + (n-ni)2) 



2\2fe 



Secondly, we put /(n, r) = /(— n, — r), integrate over n and r and then use the same steps 
above to get 



(3.22) 

\y\'<\\9\\hLi 



< 



n "1 



2 

Xk,b 



2rT [dr 



\n\{nY f{ni-n,Ti-T)ip{n,T)xv 



-n+n2)2cE/^- 



(r - n3)'i ((r - n) + (n - ni)2)''(ni - n)>' 



(r - n3)2a((r - n) + (n - ni)2)2fc(ni - n) 



2fe 



r oo /■ oo 



Finally, using the change of variables ri = r + T2 and ni = n + n2, we transform V into 
the region 

V = {(n, 77-2, r, T2) : (n, n + n2, r, r + T2) G V} 
and, hence, integrating over r and n, we can estimate 
(3.23) 

1 



\V\'< 



2 



(n2)^(-r2 +n2)f' 



|n| (n)^5f(n + n2, r + T2)ip{n, T)xy 



(r - n3)a(-(r + r2) + (n + 712)2)'= 



< 



Xk,b 11^2 Wx^,' 
1 



E 



|n[2(n) 



2s 



dT- 



(n2)2'=(-T2 + n2)26 ^ (n + n2)2^' y (r - n3)2'^(-(r + T2) + (n + n2)2)2= 



r 00 r 00 

^r2^^2 



The next step is to use the estimates (|3.21j) . (|3.22|) and (|3.23j) for the expression (|3.2fl|l 



to reduce the bilinear estimate ||f?x(uiii2) ||ys,-i/2 ^ ll""!!! ^fc.i- ll^2| 

to -L°° bounds for certain multipliers localized in some well-chosen regions Vq, Vi and V2. 
We consider no := n, rii and 722 := ni — n the frequencies of our waves and Aq := t — ri^, 
Ai := — Ti + Tif , A2 := — T2 + 722 •= (''" ~ ''"1) + {n — nif the modulations of our waves; again, 
Lj = \Xj\ are variables measuring the magnitude of the modulations, j = 0, 1,2. We define 
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Lmax ^ Lmed ^ -^mm to be the maximum, median and minimum of Lq,Li,L2- In order to 
define the regions Vi, we split I? x M? into three regions OjV, Q, 

O = {(n,ni,r,ri) G x : \n\ < 100}, 

p = {(n,ni,T,ri) € X : |n| > 100 and \ni\>\n\^}, 

Q = {(n,ni,r,ri) € X : |n| > 100 and \ni\<.\n\^}. 

Now we separate Q into three parts 

Qo = {{■n,ni,T,Ti) eC : Lo = Lmax}, 

Qi = {(n,ni,r,ri) G C : Li = L^aa;}, 
Q2 = {(n, ni, r, n) G C : L2 = Lmax}- 

At this point, we put 

Vo = O U P U So, 
Vi = Qi, 

V2 = Q2- 

We have the following multiplier estimates: 
Claim 3.4. If 1 + s < Ak and k - s > -1/2, 
|n|2(n)2^ ^ 1 



E 



2A; 



rii 



(iri- 



(-ri + nf)i-((r - n) + (n - ni)2) 



2\1- 



<1. 



Claim 3.5. If 1 + s < 4k and k - s > -1/2, 



1 



E 



dr 



(ni)2'=(-Ti + nf) 

Claim 3.6. If 1 + s < Ak and k - s > -1/2, 
1 sr^ |np(n)2' 



(r — n'^)((r — ri) + (n — ni)^)^ (ni — n) 



2fc 



< 1. 



2fc 



dT- 



X 



V2 



r - n3)(-(r + r2) + (n + 722)2)1- 



<1, 



T 00 T 00 



where V2 is i/ie image 0/ V2 under the change of variables 71-2 := ni — n anrf T2 := ri — r. 

Again, it is easy to show that these facts implies the desired bilinear estimate (|3.17() . 
Indeed, by the equations H3.21() . H3.22() . (|3.23|) . we see that, for a = 1/2 and well-chosen b,c, 
these claims means that, whenever l + s < 4A; and k — s > —1/2, |Vo| < \\ui\ 



1^211^,.! 



l^il ^ Il^ill^fc,i-lk2||^fc,i and IF2I < Ik2||^fc,i-- Putting these informations into 

the equation H3.19() . we obtain the bilinear estimate 1)3 .Ijl . Hence, we have only to prove these 
claims. For later use, we recall that our dispersion relation is 



(3.24) 



Ao + Ai — A2 



-n 



n + 2nin 
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Proof of the claim [X^l the region O, using that \n\ < 100, 



ni 

1 1 



^ {r- n3) ^ (ni)2fc(n - n,)^k (a^ - As)!- ' 



by the lemma IXTl By the dispersion relation (|3.24l) and the fact {x + y) < {x){y), we obtain 
the bound 



l"-l V'V / 



(3.25) 



(r - n3) ^ (ni)2fc(n - ni)2fc j ' (-n + n2)i-((T - n) + (n - ni)2)i- 

1 

' — ' (rai)2'^(n — ni)2'^(— — n2 + 2nni)!- 



sup 



if /fc > 0. 

In the region V, we consider the cases ni = {n? + n)/2 and |ni — (n2 + n)/2| > 1. Using 
that |n| < |ni|-'^/2^ 4A; > 1 + s, the dispersion relation H3.24() and the fact that (xy) > {x){y) 
whenever |y| > 1, we see that 

|ra|2(re)2^ 1 fr XV 



(r - n3) ^ (ni)2fc(n - ni)2fc 7 ' (-n + n2)i-((T - n) + (n - ni)2)i 

Til 

< C + sup \n\^{nr ^^^^^ (^^)2.(^_„^)2.(^)i-(^^_(„2 + „)/2)i^ 



Thus, 



|n|2(n)2'' ^ 1 /" J X-P 



(r - n^) ^ (ni)2'=(n - ni)2'« y (-ti + nf)i-((T - n) + (n - ni)2)i- 

Til 

(3.26) ~ ^ - ,„^„£,/,„. -"i)-K-(n^ + n)/2>.- 



|n,-(n=+n)/2|>l ("l " ("^ + »)/2>'" 
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In the region Qq, using that Lq > [nj'^ and k — s > —1/2, we get 
(3.27) 



sup 



|n|2(n)2'^ ^ 1 /■ XQo 



n,r (r - n3) ^ (ni)2'=(n - ni)2fc J ' (-n + n2)i-((T - n) + (n - ni)2)i- 

\p 1 f , XQo , 

lT(-r-n3) , 4- (ni)2fc(n-ni)2^y (_^^ + nf)!- ((r - n) + (n - ni)2)i- + 



|np(n)2^ ^ 1 /■ XQo 



n,T {T-n^} ^ lnxY^{n-nxY^ J (-ri + nf)i-((T - n) + (n - ni)2)^ 

\n\\<^\n\ 



~n7(n)3(n)2fc ^ (n-ni)2fc7 ^ (_ri + n2)i-((T - n) + (n - ni)2)i- 



|n|2(n)2^ ^ 1 /■ XQo 



(-T1 + n2)i-((r - Ti) + (n - ni)2)i- 
<1, 

if /fc > 0. □ 



Proof of the claim U~5i In the region Qi, using that Li = Lmax ^ I'^P (by the dispersion 
relation (|3.24|) and |ni| ^ \n\'^), (n) < {ni){n — rii) and k — s > —1/2, it is not difficult to 
see that 



{ni)^''{-Ti + n\) ^ (ni - J (r - n3)((r - ri) + (n - ni)2)i 

(3-28) < sup V ^ 

^n„S^(-Ti + (n-ni)2+n3)i- 

□ 

Proof of the claim WM In the region Q2, using that L2 = Lmax ^ I't-P (by the dispersion 
relation H3.24() and \ni\ <C |n|2), (n) < (712) (n + 71,2) and /c — s > — 1/2, it follows that 

1 [n|2(n)2^ f Xq, 

sup 

□ 



1 ^ |n|2(n)2^ /• , XQi 



n2,r2 (n2)2'=(-T2 + n^) ^ (n + 712)2*^ J (t - n3)(-(T + T2) + (n + n2)2) 

(3-29) < y ^ 

n2,S4^ (•^2-(n + n2)2 + n3)e 
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Once (|;H7j) is proved, we start the proof of the estimate that is, 



{nY 



(T — 



-dx{uiU2) 



We can rewrite the left-hand side as 



|n|(n) 



^fe.^ +ll^l|I^..l|I^2||^.,l- 



l 



(r — rfi) 



ul{ni,Ti)ui{-n2, -T2) 



fi=ni+n2 T=Ti+T2 

To begin with, we spht the domain of integration into three regions. Let 5 = 5i U ^2, where 

Si := {(n, T, n2,r2) : |n| < 100}, 



52 := {(n,r, n2,r2) : |n| > 100 and \n2\ > |np}, 

T := {{n,T,n2,T2) : \n2\ > 100, \n2\ < |np and either In+nfl = Lmax or [-T2 + n^| = Lmax} 
and U := {(n, r, n2, T2) : \n2\ > 100, |n| ~ \n2\ and |t — = Lmax}- Clearly, S, T and U 
completely decomposes our domain of integrations, so that, in order to prove (|.S.18j) . it suffices 
to get the bounds 



(3.30) 



\n\{n)^ 



xs 



{ni)^{n2)^ J lr + n?){Ti+n'\)^2-i 

n=ni+n2 t=ti+T2 



-T-2 + nl) 



—ui{ni,Ti)u^{-n2, -T2) 



< 



XO.o||n2 11x0,0 



(3.31) 



\n\ [nY 



(ni)^{n2)^ J {t — n^) 

i=ni+n2 T=Ti+T2 



XT 



ui{ni,Ti)ui{-n2, -T2) 



< 



h2|Lo 1 + ll^ll 



(3.32) 



\n\ (re)* 



{ni)^{n2)^ J {t — n?) 

i=ni+n2 r=ri+T2 



XU 



ui{ni,Ti)ui{-n2, -T2) 



< 



To prove (|3.30|) . we note that 
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if either |n| < 100, or |n| > 100 and \n2\ > |np, since (n) < (ni){n2) and 1 + s < 4/c. Hence, 



|n|(n) 



XS 



i=ni+n2 



{ni)^{n2)^ J (r-n3)(Ti +nf)2-(-T2 + n2)i 



—ul{ni,Ti)ui{-n2, -T2) 



T=Tl+T2 



LlLl 



< 



— u(ni,ri)t?(n2,r2; 



i=ni+n2 T=Ti+T2 

Therefore, this reduces our goal to prove that 

1 



i=ni+n2 T=Ti+T2 

This can be re-written as 



{t -n^){Ti+n{)2 (_r2+n^)2 



— ■ui(?7.i,ri)iI5(-n2, -T2) 



< 



\Ul llx"'" ||'^2 llx^.O • 



(r-n3p/3V-n3)i/3 / / n)tI5(-n2, -r2) 



< 



l^lll^0,i-ll^2||^0.l- 



n=ni+n2 t=ti+T2 

Since 2(— 2/3) < —1, the Cauchy-Schwarz inequahty in r reduces this bound to showing 
1 



(T-n3)V3 



J j uiini,Ti)ui{n2,T2] 



n=ni+n2 t=ti+T2 



< 



l^l||^0,i-ll^2||^0,l-, 



which is an easy consequence of duahty, L'^^L'^^L^^ Holder and the Bourgain-Strichartz in- 
equalities x°'3/^,y°'^/3 C in the lemma ^31 

The second bound (|3.31|) can be proved in an analogous fashion, using the dispersion 
relation 



(3.33) 



(r - n^) - (-T2 + 712) + (n + n() = -n^ + + 2nn 



which implies that, in the region M.^ either |ti + | > |np or \ —T2 + n'^\ ^ \nf' . Thus, using 
that s — < 1/2 and making the corresponding cancelation, we see that it suffices to prove 
that 



(r — 77-3)2/3^7- _ 77,3) 



L_ ^3)1/3 / / ^K>n)n5(-n2,-T2) 



n=ni+n2 t=ti+T2 



< 



\ui\\xo.o\\U2\\^o,^- 



and 



(^_n3)2/3(^_ ^3)1/3 



uT(ni,ri)u5(-n2, -T2) 



n=ni+n2 t=ti+T2 



< \\ui\\^o,^-\\u2\\xO,0- 



28 A. ARBIETO, A. J. CORCHO, AND C. MATHEUS 

Again, we use Cauchy-Schwarz to reduce these estimates to 



(r — w 



i)l/3 



ui{ni,Ti)u^{-n2, -T2) 



n=ni+n2 t=t\+T2 



< 



and 



(r - n3)i/3 



< 



■"l||^o,i-lF2||xO.O; 



ui{ni,Ti)ui{-n2, -T2) 

n=ni+n2 t=ti+T2 

which fohows from duahty, Holder and Bourgain-Strichartz, as above. 

Finally, the third bound (|3.32j) requires a subdivision into two cases. When |ri+n|| > l^^l^" 
(resp., I — T2 + nil > |n|^~), we use (ri + nf)^/^ leaving (ti + nf)'^/® in the denominator and 
|j^|i+s-fc- ^j-^g numerator (resp., the same argument with {—T2 + n^) instead of (ri + nf)). 
After another cancelation using |r — n^l > |np, we need to prove 



(^_n3)i/2+ 



ui{ni,Ti)u^{-n2, -T2) 



n=ni+n2 t=ti+T2 



< 



and 



(T-n3)i/2+ 



ui{ni,Ti)w2{-n2, -T2) 



n=n\+n2 t=ti+T2 



< ll^illl^O,!- 11^211x0.3/8 



These bounds follow again from Cauchy-Schwarz in r, duality. Holder and Bourgain-Strichartz. 
So it remains only the case |ri + nf |, \t2 — n^l <C In this case, the dispersion relation 

says that, in the region TV, 

r - = -n^ + 12"^ + 2nn2 - 0{\n\^'). 

On the other hand, the cancelation using |t — n^l > \n\^ and s — k < 1/2 reduces the proof 
to the bound 



(r — 71.3) 



/ / uiini,Ti)^i-n2,-T2)xni^)ir-n^) 



n=n\+n2 t=t\+T2 



< 



l^l||^«,i-ll^^2||^0,l-, 



where, Q.{n) = {rj ^ M. : rj = n'^ — n? — 2nr -\- 0{\n\^ ), for some r G Z, |r| <C \n\'^} if \n\ > 100 
and Q{n) = otherwise. Applying Cauchy-Schwarz in r, we can estimate the left-hand side 

by 



1/2 



uiini,Ti)tP2{-n2, -T2) 



n=jii+ra2 T=Ti+T2 



LI 
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Therefore, the point is to show 

(3.34) si^p (r - nY'Xnin)(^ - n')dT^ < 1 

We need the following lemma: 

Lemma 3.8. There exists some 6 > such that, for any fixed n £ Z, |n| ^> 1 and for all 

M > 1 dyadic, we have 

|{/i G M : ^ M,ii = n^ -n^ - 2nr + 0{\n\^'), for some r G Z, \r\ < |np}| < M^""^. 

Proof. Note that the dyadic block {|/i| ~ M} contains at most 0{M/N) + 1 integer numbers 
of the form — — 2nr with r G Z, where N ^ \n\. Indeed, this follows from the fact 
that the distance between two consecutive numbers of this form is ~ A'^. Thus, the set of n 
verifying = — — 2nr + 0(|rp~) is the union of 0{M/N) + 1 intervals of size 0{N'^~). 
Since the relation ^ = — — 2nr + 0(|ra|"^~) with ~ M and |r| <C |np ~ A^^ ^ 1 
implies that M ~ A^^, we get 

G M : |/u| ~ M, fi = — n'^ — 2nr + 0(|n|"^~), for some r G Z, |r| <C \n\'^}\ ^ 



This completes the proof of the lemma 13.81 □ 
It is now easy to conclude the proof of 1)3.161) : by changing variables, we have to estimate 

sup J (^)"^Xf2(„)(^)c?M- 

By decomposing the domain of integration into dyadic blocks {|^| ^ Af }, the lemma EHl gives 

/ {l^)'^Xnin)(l^)dl^ ^ 1 + / (/^)"^>^n(n)(M)^/^ 

< 1 + Yl M-'M'-' < 1. 

M>1;M dyadic 

This proves the estimate ()3.18() , thus completing the proof of the lemma 13.71 □ 

4. Local well-posedness for rough initial data 

This section contains the proof of the theorem 11.11 concerning the local well-posedness of 
the NLS-KdV. First of all, we observe that the NLS-KdV (|1.1|1 is equivalent to the integral 
equation 

u{t) = U{t)uo -if U{t- t'){au{t')v{t') + (3\u\^u{t')}dt' , 



Jo 

* 1 



v{t) = V{t)v^ + V{t- t'){^d,{\u\^){t') - -d,{v^){t')}dt'. 
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Since we are seeking for local-in-time solutions for (|1.H) . it suffices to find a fixed point u for 
the map $ = ($i,$2) :X^{[0,T]) x Y'{[0,T]) ^ X''{[0,T]) x Y'{[0,T]), 

^i{u,v) =i;i{t)U{t)uo-ii;T(,t) [ U{t - t'){au{t')v{t') + P\u\^u{t')}dt' , 

Jo 

<^2{u,v) = Mt)v{t)vo + VT(t) r v{t - t'){jd^{\u\^){t') - ld^{v^){t')}dt'. 

Jo ^ 
From now on, our efforts are to show that $ is a contraction of (a large ball of) the space 
X'=([0,r]) X y'*([0,T]) for sufficiently small T > 0. To accomplish this goal, we need the 
following well-known linear and multilineal estimates related to the cubic NLS and the KdV 
equations: 

Lemma 4.1 (Linear estimates). It holds 

• \\7pi{t)U{t)uo\\xk < WuoWh'' 

• \\iJiit)V{t)vo\\Y= < Ikoll//'^ and % 

Lemma 4.2 (Trilinear estimate for the cubic term lupn). For k > 0, we have 

\\'ip{t)uvw\\zk < ||n||^,_3 ||f||^;,^3 ||«;||^fc_3. 

Lemma 4.3 (Bilinear estimate for dx{v'^))- For s > —1/2, we have 

\\lp{t)dxiviV2)\\w- < llt-llly,,! ||t^2||^.,i- +\\vi\\ysl-\\v2\\y,,i, 

if vi = vi{x,t) and V2 = V2{x,t) are x-periodic functions having zero x-mean for all t (i.e., 
Jj. Vj{x, t)dx = for all t and j = 1,2 ). 

Remark 4.1. The zero-mean assumption in the lemma \J~^ above is crucial for some of the 
analysis of the multiplier associated to this bilinear estimate. However, in the proof of our 
local well-posedness result, this hypothesis is not restrictive by a standard argument based on 
the conservation of the mean of v under the flow See the remark \4.^ below. 

We present the proofs of these lemmas in the appendix of this paper because some of 
these estimates are not stated as above in the literature, although they are contained in the 
works j2| and [HI for instance. See the section d below for more details. Returning to the 
proof of the theorem II. H in order to apply the lemma EHl we make the following observation: 

Remark 4.2. The spatial mean Jjv(t,x)dx is preserved during the evolution U.l\) . Thus, 
we can assume that the initial data vq has zero-mean, since otherwise we make the change 
w = v — JjVodx at the expense of two harmless linear terms (namely, uJjVQdx and dxV JjVq). 

After this reduction, we are ready to finish the proof of the theorem ll.il Accordingly with 
the linear estimates (lemma l4.1|) . trilinear estimate for the cubic term \u\'^u (lemma l4.2j) . 
bilinear estimate for dx{v'^) (lemma l4.3() and the bilinear estimates for the coupling terms 



Mt)Iiu{t-t')F{t')dt' 

h{t) Jl V{t - t')G{t')dt' 



<l|i^l 
< IIGI 
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(prop ositions 1 1 ■ 1 1 and 1 1 ■ 2 j) ■ we obtain 

ll^iK^^)llx*([o,T]) ^ CoWuoWh^ + Ci{\\uv\\zk + \\uf^^ 3^^^^^^^} 

< ColltiollFffc + C'i||n|| ..1 , i ^ ,+ 

+ '-^lll^llx'='i([0,T])"^"y='i~([0,T]) ^ '^^"^''x'='i([0,T]) 

and 

||<J'2(^t, t')||ys([o,T]) 

< CoWvoWhs + Ci{\\d.{v^)\\w^ + \m\u\^)\\w^} 

if s > 0, —1/2 < k — s < 3/2 and 1 + s < Ak. At this point we invoke the following elementary 
lemma concerning the stability of Bourgain's spaces with respect to time localization: 

Lemma 4.4. Let X';' := {/ : (r - h{0)\0'\f{r,0\ e L""}. Then, 



for any s, 6 € M and, furthermore, if —1/2 < b' < b < 1/2, i/ien /or any < T < 1 we /laue 

IIV'tW/II^...' <^,b',bT'-''\\f\\^.,, , 

Proof. First of all, note that {t — tq — h{(^))^ <b (To)'^'(r — h{£^))'', from which we obtain 
Using that '^(t) = / i'{To)e'^'^°dTo, we conclude 



Since ip is smooth with compact support, the first estimate follows. 

Next we prove the second estimate. By conjugation we may assume s = and, by com- 
position it suffices to treat the cases < 5' < 6 or < 6' < 6 < 0. By duality, we may take 
< 6' < 6. Finally, by interpolation with the trivial case b' = b, we may consider b' = 0. 
This reduces matters to show that 

\\Mt)f\\L^ <^,b Ti/ll^o,. 

for < 6 < 1/2. Partitioning the frequency spaces into the cases (r — > l/T and 

(r — /i(^) < 1/T, we see that in the former case we'll have 

^0,0 < r''||/|| 0,6 
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and the desired estimate follows because the multiplication by "0 is a bounded operation in 
Bourgain's spaces. In the latter case, by Plancherel and Cauchy-Schwarz 



< 



{r-h{0)<l/T 



r2 



lb- 1/2 



X 



s,b 



Integrating this against ipT concludes the proof of the lemma. 
Now, a direct application of this lemma yields 



□ 



1 WvW 1 "hllzill \ 

^([o,T])" "y"'2([o,r]) " "x'='^([o,T])-'' 



and 



+ u 



|2 I 



^0+ rii„.i|2 

y^'i([o,T]) 

if s > 0, —1/2 < k — s < 3/2 and 1 + s < ik. Hence, if T > is sufficiently small (depending 
on ||tto||jjfe and Hi^oll//")) we see that for every sufficiently large i? > 0, $ sends the ball of 
radius R of the space X'^([0, T]) x y*([0,T]) into itself. Similarly, we have that 



1 + \\u\ 



1 + \HyS,i}{\\U-U\\^,^l + \\V 



\\<l>,iu,v)-<i>iiu,v)\\^,<T'+ 
and 

\\^2{u,v) - '^2{u,v)\\ys^[q^t]^ < r°+{||'u||^fc,i/2 + |k||y«,i/2}{|ln - 2|lxfc.i/2 + |b - t^||ys,l/2}, 

if s > 0, -1/2 < k - s < 3/2 and 1 + s < 4A;. So, up to taking T > smaller, we get that $ 
is a contraction. This concludes the proof of the theorem ll.il 

5. Global well-posedness in the energy space x 

This section is devoted to the proof of the theorem ll.2l First of all, we recall the following 
conserved functionals for the NLS-KdV system 

Lemma 5.1. The evolution preserves the quantities 

• M{t) := Jj \u{t)\^dx, 

• Q(t) := ^av{tf + 2jQ{u{t)dMfj)dx^ and 

. Eit) := {ajv{t)\u{t)\'' - ^v{tf + + f + 7\dMt)\^} dx. 

In other words, M{t) = M{0), Q{t) = Q(0) and E{t) = ^(0). 

In order to do not interrupt the proof of the global well-posedness result, we postpone the 
proof of this lemma to the appendix. 

Let 07 > and t > 0. From the previous lemma, we have that ||n(t)||^2 = ||no||L2, and 

\\vml2 < ^{|Qo| + 2|7l \\u4L2\\dMi)\\LA ■ 

\Oi\ 
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Put /X = min||7|,^|. Then, using again the previous lemma, Gaghardo-Nirenberg and 
Young inequahties, we deduce 

\\d.u{t)\\h + wdMmh < ^ {bmy^mh + \amv{t)\\l^) 

< c {\Em + \\v{t)\\LAHt)\\l. + \\v{t)\\h + \Ht)\\i.) 

<c{\Em + \\v{t)\\i, + \\v{t)\\i, + \\um\^) 

< C {\Em + |Q(0)| + ||no||i2||a,n(t)|Ii2 + \\v{t)\\l, + \\u{t)\\l,) 

< c[\E{<d)\ + |Q(0)| + |(5(0)|t + M(0)^ + M(0)3 + M(0)} + 

+ \{\\d.u{mh + \\d.vmh]- 

Hence 

(5.1) \\da,u{t)\\l, + \\d^v{t)\\l2 < C{|^(0)I + |Q(0)! + |Q(0)|t +M(0)5 +M(0)3 + M(0)} . 

We can estimate the right hand of ()5.1|) using the conservation laws in the lemma 15.11 and 
Sobolev's lemma to get 

(5.2) \Ht)fH, + \\v{t)\\l,<^{\\uo\\ 

where is a function depending only on |[no||/fi and ||^;o||_f/i- We observe that the constans 
depend only on the parameters a, (5 and 7. Since the right hand in ()5.2() only depends of 
||uo||/fi and llfoHz/i; we can repeat the argument of local existence of solution at time T 
arriving to a solution for any positive time. This completes the proof of the theorem 11.21 

6. Final Remarks 

We conclude this paper with some comments and questions related to our results in theo- 
rems OO 

Concerning the local well-posedness result in theorem 11.11 the gap between our endpoint 
H^/^ X and the "natural" x H~^/^ endpoint^ suggests the ill-posedness question: 

Question 6.1. Is the periodic NLS-KdV system ill-posed for initial data (no,fo) G 

X with 0<k < 1/4, 1 + s < Ak and -1/2 <k-s<3/2? 

On the other hand, one should be able to improve the global well-posedness result in 
theorem 11.21 using the I-method of Colliander, Keel, Staffilani, Takaoka and Tao [21- In the 
continuous case, the global well-posedness result in the energy space of Corcho and Linares |^ 
was refined by Pecher [2] via the I-method. This motivates the following question in the 
periodic context: 

Question 6.2. Is the periodic NLS-KdV system hl.l\) globally well-posed for initial data 



As we said before, from the sharp well-posedness theory for the NLS and the KdV equations, the well- 
posedness endpoint for the periodic NLS equation is and for the periodic KdV is H~^^^. 
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We plan to address this issue in a forthcoming paper by using our bihnear estimates for 
the coupUng terms uv and S^^dup) and the I-method. 
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7. Appendix 



This appendix collects some well-known results concerning linear and multilinear estimates 
related to the periodic cubic NLS and the periodic KdV, and also includes a brief comment 
about three conserved functionals for the NLS-KdV discovered by M. Tsutsumi. 

7.1. Linear estimates. We begin with the proof of the linear estimates in lemma IXTl The 
basic strategy of the argument is contained in the work p] of Colliander, Keel, Staffilani, 

Takaoka and Tao. First, we observe that ipU{uQ){n,T) = UQ{n)ip{T + n"^) and ipV{vQ){n,T) = 
vo{n)ip{T — n^). Thus, it follows that 



(7.1) 



\\lp{t)U(t)uo\\zk < \\uo\\Hk 



and \\ip{t)V{t)vo\\w= < Ikoll//''- 



Hence, it remains only to show that 



ijT{t) / U{t-t')F{t')dt' 



< \\F\ 



Xk 



Zk 



and 



i^rit) / V{t-t')G{t')dt' 



< IIGI 



Up to a smooth cutoff, we can assume that both F and G are supported on T x [—3, 3]. Let 
a{t) = sgn{t)r](t), where ry(t) is a smooth bump function supported on [—10, 10] which equals 
1 on [—5,5]. The identity 

X[o,t](0 = ^(a(0-a(i-0), 
for t G [-2, 2] and t' G [-3, 3] permits to rewrite iprit) /g U{t-t')F{t')dt' (resp., tpT{t) /g y{t- 

resp., i)T{t)V{t) [ a{t')Vi-t')G{t')dt' 



t')G{t')dt') as a linear combination of 
(7.2) ijT{t)U{t) [ a{t')U{-t')F{t')dt' 



and 

(7.3) Vr(i) / a{t-t')U{t-t')F{t')dt' 



resp., i)T{t) [ a{t - t')V{t - t')G{t')dt' 
For ()7.2|) . we note that by H7.1|) . it suffices to prove that 

II / a{t')Ui-t')F{t')dt'\\Hk < \\F\\zk fresp., || / a{t')V{-t')G{t')dt'\\Hs < ||G||w 
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Since the Fourier transform of J^a{t')U{-t')F{t')dt' (resp., J^a{t')V {-t')G{t')dt') at n is 
J" a{T+'n?)F{n, T)dT (resp., / a{T — n^)G{n, T)dT) and \a{T)\ = 0((r)~-'^), the desired estimate 
fohows. For (1231), we discard the cutoff ipTit) and note that the Fourier transform of a{t — 
t')U{t-t')F{t')dt' (resp., f^a{t - t')V{t - t')G{t')dt') evaluated at (n,r) is a{T + n^)F{n,T) 

(resp., a{T — n^)G{n,T)). Therefore, the decay estimate |a(r)| = 0{{t)''^) give us the claimed 
estimate. This proves the lemma UTTl 

7.2. Trilinear estimates for (|npti). Next, we prove the trilinear estimate in lemma E21 
The argument is essentially contained in the work |2, of Bourgain.^ 

By definition of Z^, the hypothesis A; > says that it suffices to show that 



sup 

11.2 <1 



E 

n=ni+n2— na 



(n) 



T = Tl+T2+T3 



3 \\v\ 



3 \\w\ 



and 



(T + n2) 



uvw{n, r) 



< 



u 



'X' 



3 f ,, 3 \\W 

•h" "x'^'B" 



'X^'S 



Observe that (n)'^ < max{(ni)^, (71-2)^, (71,3)^}. By symmetry, we can assume that (n)^ < 
{ni)^ . This reduces matters to show that 



(7.4) 

and 
(7.5) 



sup 



<i 



E 



7i=?ii+n2-n3, 



(n,r) 



T=Tl+r2+T3 



- — '2x1/2 ^^1) u(ni,ri)w(n2,r2)u;(n3 



,7-3) < 



t- 3 n 3 \\W\\ n 



E 



n=rii+n2-"3 



T=ri+T2+T3 



(r + n^) 



<ll"ll^0,3||«|,^,g, 



First, it is not difficult to see that duality, L'^^L^^L'^^L'^^ Holder inequality and the Bourgain- 
Strichartz estimate in lemma 1^31 (i.e.. X'^'^^^ C L^) implies ()7.4|) . Next, consider the con- 
tribution of (|7.5|) . By Cauchy-Schwarz in r, since 2( — 5/8) < —1, we need only to prove 
that 



E 



n=ni4-n2— n3 



T=ri+T2+T3 (r + n^) 8 



u{ni,Tl)v{n2,T2)w{n3,T3] 



< 



\U\\ n 3 f f, 3 W 3 , 
I llj^O.gll HjfO.jll lljfO.gJ 



which follows again by duality, L^^L^^L^fL'^^ Holder inequality and the Bourgain-Strichartz 
estimate. This concludes the proof of the lemma 



The "novelty" here is to estimate the contribution of the weighted L^L^ portion of the Z norm, although 
this is not hard, as we are going to see. 
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7.3. Bilinear estimates for dx{v'^)- Now, we present the proof of the bihnear estimate 
in lemma Since this bihnear estimate was used only in the case s > 0, we will restrict 
ourselves to this specific context (although the proof of the bilinear estimate for — 1/2 < s < 
is similar). Again, the argument is due to Bourgain (except for the bound on the weighted 
-L^L^ portion of the norm, which is due to Colliander, Keel, Stafillani, Takaoka and 
Tao jSj). By definition of W^^, it suffices to prove that 



(7.6) 

and 
(7.7) 



< 



- n=ni+n2 

IviW . 1 ||f2ll , 1 + ll^lll , 1 11^^211 . 1 



\n\{ny . — 

-VlV2[n,T) 



(r — n^) 

Note that our hypothesis of zero mean implies that nnin2 ^ 0. Since 

r - = (ti - nf ) + (t2 - nl) - 3nnin2, 

we obtain that 

max{(T - n^), (n - nf), {t2 - nf)} > \nnin2\ > 

Also, observe that s > implies that (n)* < (ni)**(n2)'*. 
First, we deal with (|7.6|1 . To do so, we analyse two cases: 

• (r — n^) = max{(r — n'^), (ti — n'^), {t2 — ^i-f)}: in this case, the estimate 1)7. 6p follows 
from 

™P Yj / ViV2<f){n,T) <\\vi\\^,, i\\v2\\^o,^, 

^ <1 n=ni+n2 Jt=ti+T2 



which is an easy consequence of duality, L'^ ^L'^ ^L'^ ^ Holder inequality and Bourgain- 
Strichartz estimate in lemma (Y^'^^^ C L^). 

{Tj — nj) = max{(T — n^), (ti — n\),{T2 — n^} for j G {1,2}: in this case, the 
estimate ()7.6() follows from 



sup V / vi{ni,Ti)v2{n2,T2) ^^'^'ll/o ^ Ikillyo-o|l^2||y0 1- 



and 



I vi{nuTi)v2{n2,T2) ^^^'ll/o ^ ll^illvO.^-ll^2||yo.o, 



\m,2 <i 



n=ni+n2 



which are valid by duality. Holder and the Bourgain-Strichartz estimate. 
Second, we consider (|7.7|) . Again, we distinguish two cases: 
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{tj — n|) = max{(T — v?), {ti — nf), (t2 — nf)} for j G {1, 2}: after doing the natural 



cancelations, we see that (|7.7() is a corollary of 

o 2 o _1 ^ — ^ / 

(r-n) 3(T-n)^3 2^ / vi{ni,Ti)v2{n2,T2) 

I ^ r=T1 +T2 



n=7ii+7i2 



< 



|t;i||yo,o|[?;2||^o,^ 



LI LI 



and 



(r-n^) 3(r-n^) 3 ^ / ^^1(721, Ti)7r2("'2, T2) 

1 i T = T1 +r2 



^ ll^illyo.i ll^'2||yo.o. 



n=ni+n2 

— ri — T 

Applying Cauchy-Schwarz in r, since 2(— 2/3) < —1, it suffices to prove 



[T — n 



-V3 ^ J 



iri(ni,ri)?5^(n2,r2) 



n=ni+n2 



-TI+T2 



< 



|i'i||yo,o||f2||^o,^ 



and 



Vi[ni,Ti)V2[n2,T2, 



n=n\+n2 



-T1+T2 



< 



'"iWyO,^ P2||yo,o. 



Rewriting the left-hand sides by duality, using Holder inequality and Bourgain-Strichartz 
estimate Y^'^^^ C we finish off this case. 

{r—n^) = max{ (r—n^), (ri— nf), (t2— nf)}: we subdivide this case into two situations. 
If (tj- —n^) ^ |nnin2|"^^"^*^'' ^ |n|"^/^'' for some j G {1,2}, we cancel {rj —n^Y^^ leaving 
{Tj — n^y/^ so that we need to show 



(r-n^) 2 ^ / vi{ni,Ti)v2{n2,T2) 



n=ni+n2 



< 



\Vi\\y0,0\\V2\\^0^i 



L^ L}- 



and 



[T — n 



) 2 / Vlini,Ti)v2{n2,T2) 



n=n\+n2 



< 



72 Tl 



This is an easy consequence of Cauchy-Schwarz in r, Holder inequality and Bourgain- 
Strichartz. If (tj- — n|) -C \nnin2\^^'^^'^ for j = 1, 2, we observe that 

T-n^ = -3nnin2 + 0((nnin2)^/^°°). 
After some cancelations, we need to prove that 



(r-n^) ^ / viini,Ti)v2{n2,T2)xn(n)iT - n^) 



n=ni+n2 



< 



|f 1 ||y0,l/3 11^2 llyo, 1/3 , 
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where ^l{n) := {ry € M : 77 = — 3nnin2 + 0{{nnin2)^^^^'^) for ni,n2 € Z with n 
ni + 712}. By Cauchy-Schwarz in r, we bound the left-hand side by 



Li 



LI 



Therefore, it remains only to prove that 

(^J{r-nY'xn(n){r-n^)dT^ ' < 1. 

To estimate the integral on the left-hand side, we need the following lemma about 
the distribution of points in r2(n) in a fixed dyadic block: 

Lemma 7.1. Fix n G Z — {0}. For ni,n2 G Z — {0}, we have for all dyadic M > 1 

|{m e M : \n\ r^M,ii = -3nnin2 + 0((nnin2)^/^°°)}| < M^-\ 
for some S > 0. 

Proof. By symmetry, we may assume \ni\ > \n2\- Consider first the situation |n| > 
|ni|. Since /x = — 3nnin2 + 0((nrain2)^/^°'^), we get |n| < |/u| < \n\^ because ni,n2 G 
Z — {0} and \nnin2\ < Suppose ~ M and \n\ ~ N . For some 1 < p < 3, we 

have M ~ A^^. Thus, the expression of /i implies that |nin2| ^ M p. Observe that 

there are at most M p multiples of Mp in the dyadic block {|//| ~ M}. Therefore, 

the set of /j, with the form —3nnin2 + 0{{nnin2)^^^'^^) is the union of M^~p intervals 
of size M^/^^^, each of them containing an integer multiple of n. Then, 

G M : r^M,ix = -3nnin2 + 0((nraira2)^/^°°)}| < M^~pM^/^^° < M^/^, 
since 1 < p < 3. 

In the situation \n\ < \ni\, we have \ni\ < \fi\ < \ni\^. So, if \ni\ ~ A'^i, we obtain 
M ~ for some 1 < p < 3. Thus, we can repeat the previous argument. □ 



Using this lemma, it is not hard to prove that 

(r-n3)-ixn(„)(r-n3)ciT < 1. 
Indeed, we change the variables to rewrite the left-hand side as 

{n)dfi. 



/< 
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Decomposing the domain of integration and using the previous lemma, we have 

|m|<1 M>1 dyadic^^^^j^ 

<1+ M'^M^-^ <l. 

My I dyadic 

This finishes the proof of the lemma 14., SL 

7.4. Three conserved quantities for the NLS-KdV flow. In the sequel, we show that 
the quantities 

• M{t) := \u(t)\^dx, 

and 

. E{t) := [ajv{t)\u{t)\'' - ^v{tf + ^\u{t)\^ + ^\dMt)\^ + tI^WOI'} dx 

are conserved by the NLS-KdV flow, as discovered by M. Tsutsumi By the local well- 
posedness result in theorem we may assume that u and v are smooth in both x and t 

variables. First, we consider M(t). Differentiating with respect to t, we have 

dtM{t)= / dtu-u+ / u-'d^ 
Jt Jt 

Since the equation implies 

dtu = id'^u — iauv — ip\u\'^u, 
we see that, by integration by parts, 



dtu ■ u = i d^u ■ u — i I auuv — i P\u 



|4 



u ■ id^u — j u{—iauv) — j u{—il3\u\'^u) 
u ■ dtu. 

Hence, dtM{t) = 0, i.e., M{t) is a conserved quantity. Second, we analyse Q{t). Differenti- 
ating with respect to t and using that f is a real-valued function, 

dtQ{t) = 2a [ dtvv + 2j [ Q{dtud^) + 2j [ ^(ud^). 
Jt Jt Jt 

Applying Hl.lf) and using integration by parts, we obtain 

2a [ dtv-v = 2a7 / {-d^v - ^d^iv^) + ^dAH^)} ■ v = 2a^ [ d^H^) ■ v, 
Jt Jt ^ Jt 

dtudxU = i / d'^udrcU — ia / uvdxU — i[) I \u\^udxU 



T 
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and 

udxdtu = u ■ dx{—id'^u + iauv + i(3\u\'^u} 



ia I uvdxU + ia I \u\ d^v + i(3 / \u\ ud^u + if) / |n| ) 
Jt Jt Jt 



In particular, 



ia / uvdxU + ia I dx{\u\^)v + ifi I \u'^udxU. 
Jt Jt Jt 

I dtudxU+ / udxdiu = i I d^uOxU + ia / dx{\u\'^)v. 
t Jt Jt Jt 



Since i d'^udxU = i Jj dxud^u, we get 

9=( / dtudxu+ / udxdtu) = a / dxi\u\'^)v. 



Hence, putting these informations together, we obtain dtQ(t) = 0. Third, we compute dtE(t). 
Writing = I-II + III + IV + V, where / := 07 Jj\u\^v, II = % /^^^'^ /// := ^ /t kl^, 
IV := ^ /rj, 1^ and V := ^ \dxu\'^ ■ Using and integrating by parts, 

dtl = -a-f [ \u\'^{dlv + -dxiv"^)} + v{idlu ■ u - id'^u ■ u}, 
Jt 2 

-dtll=-^ / {-v'dlv + Wdxi\u\')} = ^ [ v^dlv-a^ [ H'hxiv'), 



Z Z z 

dtlll = P'j / {dtu\u\'^u + dtu\u\'^ u} = P'y / {iu\u\'^ dxU — iu\u\'^ dxu} , 
Jt Jt 

dtIV = a dxv ■ dxdtv = / v'^dxV + 07 / \u\'^dlv, 
Jt ^ Jt Jt 

dtV = 7 / {dxdtu ■ dxu + dxu ■ dxdtu} 
Jt 

= 7 / {id'^u — iauv + ip\u\'^u}d'^u + {—id'^u + iauv — il3\u\'^u}d'^u 
Jt 

= —aj / V ■ {idxU ■ u — idxU ■ u} — / {iu\u\'^dxU — iu\u\'^dxu}- 
Jt Jt 
From these expressions, it is not hard to conclude that dtQ{t) = 0. 
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